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Abstract
We study generic fractal properties of bounded self-adjoint operators through lower and
upper generalized fractal dimensions of spectral measures. Two groups of results are presented.
Firstly, it is shown that the set of vectors whose associated spectral measures have lower
(upper) generalized fractal dimension equal to zero (one) for every q > 1 (0 < q < 1) is either
empty or generic. The second one gives sufficient conditions, for separable regular spaces of
operators, for the presence of generic extreme dimensional values; in this context, we have a
new proof of the celebrated Wonderland Theorem.
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1 Introduction
Spectral and dynamical properties of self-adjoint operators have a fundamental role in quantum
mechanics, and there are many subtleties among them; for instance: 1) any self-adjoint operator
may be approximated by a pure point operator (this is the Weyl-von Neumann Theorem [27, 28]);
2) in some topological spaces of self-adjoint operators, the set of elements with purely singular
continuous spectra is generic (the conclusion of the so-called Wonderland Theorem [25]); 3) dense
point spectrum imply a form of dynamical instability [1]; etc. Here, we present two new subtle
properties related to generic dimensional properties of spectral measures, which are summarized
in Theorems 1.1 and 1.2. For technical simplicity, we restrict ourselves to bounded self-adjoint
∗Corresponding author. Email: moacir@ufam.edu.br
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operators T acting on the complex and separable Hilbert space H; we denote by µTψ the spectral
measure of T associated with the state ψ ∈ H; for each Borel set Λ ⊂ R, PT (Λ) represents the
spectral resolution of T over Λ; by µ we always mean a finite nonnegative Borel measure on R.
Here, for every complete metric space X , we say that R ⊂ X is residual if it contains a generic
(i.e., a dense Gδ) set in X .
The main results are described in Subsections 1.1 and 1.2, along with some examples and
dynamical consequences. In Section 2 we recall some concepts and results regarding dimensional
properties of nonnegative Borel measures. The proofs of Theorems 1.1 and 1.2 are left to Section 3.
1.1 A dimensional heritage
Let T be a bounded self-adjoint operator on H, pick two vectors ψ, ϕ ∈ H and, for each k ∈ N,
set
ψk = ψ +
1
k
ϕ;
although ψk → ψ as k →∞, it is not clear which properties of ψ and/or ψk are inherited from ϕ.
E.g., if ϕ belongs to the point subspace of T , this property is clearly not preserved if ψ belongs
to the continuous subspace; moreover, ψk is a “mixed vector.” The first result in this work says
that for each k ∈ N, (some) values of the generalized fractal dimensions of µTψk satisfy the same
bounds as the values of µTϕ , being therefore, held by a large set of spectral measures associated
with T . Roughly, the idea is to show that µTψk inherits such dimensional properties from µ
T
ϕ , so the
set of the associated vectors is dense in H (since ψ is arbitrary in H), and then combine this with
suitable Gδ properties, proven in [1], to show that they hold for generic sets.
Before we present a precise formulation of this result (see Subsection 3.1 for its proof), we
need a small preparation. For q > 0, let D−µ (q) and D
+
µ (q) (see Definition 2.3 ahead) denote the
lower and the upper generalized fractal dimensions of µ, respectively; recall also that the functions
q 7→ D∓µ (q) are nonincreasing and if µ has bounded support, then 0 ≤ D
−
µ (q) ≤ D
+
µ (q) ≤ 1, for
all q > 0 [4] (see also Proposition 2.2 ahead).
Theorem 1.1. Let T be a bounded self-adjoint operator on H and α, β ≥ 0.
1. Let s > 1. If there exists 0 6= ϕ ∈ H such that D−
µTϕ
(s) ≤ β, then
Λ−(T, s, β) := {ψ ∈ H | D−
µT
ψ
(s) ≤ β}
is a dense Gδ set (i.e., a generic set) in H.
2. Let 0 < q < 1. If there exists 0 6= ϕ ∈ H such that D+
µTϕ
(q) ≥ α, then
Λ+(T, q, α) := {ψ ∈ H | D+
µT
ψ
(q) ≥ α}
is a dense Gδ set in H.
Example 1.1 (Rank-one perturbation of the almost-Mathieu operator). Write δ1 = (δ1,n)n∈Z and
let H be a rank-one perturbation of a quasi-periodic operator, acting on ℓ2(Z), given by the law
(Hu)n = (Hλ,α,θ,κu)n := un+1 + un−1 + κ cos(παn + θ) + λ〈·, δ1〉δ1,
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where λ ∈ [0, 1], α ∈ [0, 2π), θ ∈ [0, 2π) and κ > 2. It was shown in [19] that there exists a dense
Gδ set of irrational numbers Ω ⊂ [0, 2π) such that, for every α ∈ Ω, every θ, λ, κ > 2 and every
q ∈ (0, 1), D+
µH
δ1
(q) = 1. It follows from Theorem 1.1 that, for each α ∈ Ω and each 0 < q < 1,
{
ψ ∈ ℓ2(Z) | D+
µH
ψ
(q) = 1
}
is a generic set in ℓ2(Z). This example is particularly interesting because, for such parameter values,
the spectrum of Hλ,α,θ,κ is always purely singular (see [19]), and generically with maximum value
of the upper dimensions (0 < q < 1), a result intuitively associated with absolutely continuous
spectrum.
Example 1.2 (Continuous one-dimensional free Hamiltonian). Let H0 : H2(R) ⊂ L2(R)→ L2(R)
be given by the law (H0ψ)(x) = −ψ
′′(x), and set H := H0P
H0([0, 1]) (a bounded self-adjoint
operator). For each θn =
1
2 −
1
n+2 , let ψn ∈ L
2(R) be such that its Fourier transform satisfies, for
each t > 0,
ψ̂n(t) = χ[0,1](t) t
−θn .
It turns out that ([15], Section 8.4.1)
dµHψn(x) =
1
2
χ[0,1](x)x
−(θn+1/2)dx.
It is straightforward to check that, for each n ∈ N and each s > 1,
D∓
µH
ψn
(s) = 1− 2θn =
2
n+ 2
.
Therefore, by Theorem 1.1, for every s > 1,
{
ψ ∈ L2(R) | D−
µH
ψ
(s) = 0
}
=
⋂
n≥1
Λ−(H, s, θn)
is a dense Gδ set in L
2(R). This example is interesting because H has purely absolutely continuous
spectrum and, generically, with minimum values of such lower dimensions, a result intuitively
associated with singular spectrum.
Remark 1.1. To the best knowledge of the present authors, the result presented in Example 1.2
leads to a phenomenon which has never been discussed: there exist an operator whose spectrum is
purely absolutely continuous and a generic set of vectors whose time-average return probabilities
decay with arbitrarily slow polynomial rates (for sequences of time tj →∞). Namely, in this case,
generically in ψ ∈ L2(R) (by (1) just ahead), for every k ≥ 1,
lim inf
t→∞
t1−1/k
t
t∫
0
|〈ψ, e−iHtψ〉|2ds = 0.
We note that this is, in some sense, the counterpart of the following situation: an operator with
pure point spectrum and a generic set of states whose spectral measures have maximal upper
generalized dimension (such is the case of the operator discussed in Example 1.1); such states are,
therefore, delocalized (see Subsection 1.2.1 for details and [1, 19]).
Next we turn to the second group of generic results in this work.
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1.2 Generic fractal properties of spectral measures
Recall that a metric space (X, d) of self-adjoint operators acting in H is regular [25] if it
is complete and convergence in the metric d implies strong resolvent convergence. Denote by
Cp = Cp(X) the set of operators T ∈ X with pure point spectrum and by Cac = Cac(X) the set
of operators T ∈ X with purely absolutely continuous spectrum.
Under some assumptions, a version of the Wonderland Theorem related to extreme correlation
dimensional values (i.e., D−
µT
ψ
(2) = 0 and D+
µT
ψ
(2) = 1) of spectral measures, was proven in [7], and
dynamical consequences were explored. In the following, we extend this result to all dimensions
D∓
µT
ψ
(q), q > 0, for separable regular sets of bounded self-adjoint operators. These fine dimensional
properties will also imply generic singular continuous spectrum; such results are gathered in the
next statements. As a spinoff, for such spaces we have a new proof of the Wonderland Theorem
(see Corollary 1.1).
Theorem 1.2. Let X be a separable regular space of bounded self-adjoint operators. If both sets
Cp and Cac are dense in X, then there exists a generic set M in H such that, for each ψ ∈ M,
the set X01(ψ) := {T ∈ X | D
−
µT
ψ
(q) = 0 and D+
µT
ψ
(q) = 1, for all q > 0} is residual in X.
Remark 1.2. We note that even for T with pure point spectrum, it may occur that D−
µT
ψ
(q) > 0
for all 0 < q < 1 (see [5, 19] for details), and when T has purely absolutely continuous spectrum,
it may happen that D+
µT
ψ
(q) < 1 for all q > 0 (see Example 1.2). Therefore, such result is not
necessarily expected.
Corollary 1.1 (Wonderland Theorem). Let X be as in Theorem 1.2. If both sets Cp and Cac are
dense in X, then the set Csc = Csc(X) := {T ∈ X | T has purely singular continuous spectrum} is
residual in X.
Remark 1.3. (a) The proof of Corollary 1.1 presented below is entirely based on the conclusions
of Theorem 1.2, that is, it is based on the existence of the residual setsM and X01(ψ), for ψ ∈ M.
It is, therefore, a different proof from the one presented in [25]. (b) Naturally, one may combine
Theorem 1.2 and Corollary 1.1 to conclude that, for each ψ ∈ M, the set Xsc01(ψ) := {T ∈ X | T
has purely singular continuous spectrum, D−
µT
ψ
(q) = 0 and D+
µT
ψ
(q) = 1, for all q > 0} is residual
in X . Indeed, it is enough to note that Xsc01(ψ) = X01(ψ) ∩ Csc.
Remark 1.4. Since for bounded self-adjoint operators on H strong convergence implies strong
resolvent convergence [15], each space of bounded self-adjoint operators endowed with the strong
operator topology is a regular space, and by [10] it is also separable.
Let dim+H(µ) denote the upper Hausdorff dimension of µ (such notion is recalled in Section 2).
The next result, presented in [4], relates this quantity to the lower generalized fractal dimensions.
Proposition 1.1. Let µ be a finite nonnegative Borel measure on R and 0 < q < 1 < s. Then,
D−µ (q) ≥ dim
+
H(µ) ≥ D
−
µ (s).
Lemma 1.1. Let T be a bounded self-adjoint operator on H and 0 6= ψ ∈ H. If there exist
0 < q′ < 1 < s′ such that D−
µT
ψ
(q′) < 1 and D+
µT
ψ
(s′) > 0, then µTψ is a purely singular continuous
measure.
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Proof. If µTψ has an atom, that is, if there exists λ ∈ R such that µ
T
ψ({λ}) > 0, then it is easy to
show that for each s > 1, D+
µT
ψ
(s) = 0 (see (3) ahead). On the other hand, if µTψ has an absolutely
continuous component, then dim+H(µ
T
ψ) = 1 and, therefore, it follows from Proposition 1.1 that
for each 0 < q < 1, D−
µT
ψ
(q) = 1. Hence, if there exist 0 < q′ < 1 < s′ with D+
µT
ψ
(s′) > 0 and
D−
µT
ψ
(q′) < 1, then µTψ is singular continuous.
Proof. (Corollary 1.1) Let M be as in the statement of Theorem 1.2 and let {ψj}j∈Z ⊂ M be a
dense sequence in H. It follows from Lemma 1.1 that for each φ ∈ M and each S ∈ X01(φ), the
spectral measure µSφ is purely singular continuous. Then, since the singular continuous subspace
associated with each self-adjoint operator is a closed subspace of H [15], one has
Csc ⊃ ∩j∈ZX01(ψj).
The result is now a consequence of Theorem 1.2.
The following result is a direct consequence of Remark 1.3 (b) and Proposition 1.1.
Corollary 1.2. Let X be as in Theorem 1.2. If both sets Cp and Cac are dense in X, then there
exists a generic set M in H such that, for each ψ ∈ M, the set {T ∈ X | T has purely singular
continuous spectrum, dim+H(µ
T
ψ) = 0} is residual in X.
Corollary 1.2 is also a consequence of the results recently presented in [9]. However, the results
and methods of this paper are different from those of [9]. Namely, the main technical ingredients
in the present paper involve some decompositions of spectral measures with respect to the fractal
generalized dimensions, whereas in [9] the main idea is to directly show that for each 0 6= ψ ∈ H,
{T ∈ X | dim+H(µ
T
ψ) = 0} is a Gδ set in X .
There are in the literature (see, for instance, [7, 8, 12, 15, 25]) numerous important examples
for which our general results apply. As an illustration, we present the following application.
Example 1.3. Consider the class of Schro¨dinger operators with analytic quasiperiodic potentials,
acting on ℓ2(Z), generated by a nonconstant real analytic function v ∈ Cω(T,R), that is,
(Hvλ,α,θu)n := un+1 + un−1 + λv(θ + αn)un,
where 0 6= λ ∈ R, α ∈ T is the frequency and θ ∈ T is the phase (an important example is given
by the almost Mathieu operator, for which v(x) = 2 cos(2πx); see Example 1.1).
For each nonconstant v ∈ Cω(T,R), 0 6= λ ∈ R and θ ∈ T, consider the space of self-adjoint
operators
Xvλ,θ := {H
v
λ,α,θ | α ∈ T}
endowed with the following metric (whose induced topology is equivalent to the strong operator
topology)
d(Hvλ,α,θ, H
v
λ,α′,θ) :=
∣∣∣∣ sin
(
α− α′
2
)∣∣∣∣.
Since for λ ∈ R, θ ∈ T and α ∈ Q/Z, the operator Hvλ,α,θ is purely absolutely continuous, and
there exists λ0(v) > 0 [6] (for the almost Mathieu operator, one can take λ0 = 1) so that, for every
λ > λ0(v) > 0, every θ ∈ T and for all α outside a set of zero Lebesgue measure, Hvλ,α,θ is pure
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point, it follows from Theorem 1.2 (see also Remark 1.3) that there exists a generic set M(v) in
ℓ2(Z) such that, for each ψ ∈ M(v), the set {H = Hvλ,α,θ ∈ X
v
λ,θ has purely singular continuous
spectrum with D−
µH
ψ
(q) = 0 and D+
µH
ψ
(q) = 1, for all q > 0} is residual in Xvλ,θ.
Remark 1.5. We note that, under the above assumptions, Bourgain has shown in [6] that for
every α outside a set of zero Lebesgue measure, Hvλ,α,θ has dynamical localization; therefore, the
conclusions regarding the lower dimensions in Example 1.3 follow from Theorem 4.3 in [8].
1.2.1 Remarks on dynamical consequences
Here, we explore some dynamical consequences of the general above results. We recall that if T
is a bounded self-adjoint operator acting on H, then R ∋ t 7→ e−itT is a one-parameter strongly
continuous unitary evolution group and, for each ψ ∈ H, (e−itTψ)t∈R is the unique wave packet
solution to the Schro¨dinger equation
∂tψ = −iTψ, t ∈ R,ψ(0) = ψ ∈ H. (SE)
Next, we list two quantities usually considered to probe the large time behaviour of the dynamics
e−itTψ. The (time-average) quantum return probability 〈γTψ 〉(t), which gives the (time-average)
probability of finding the particle at time t > 0 in its initial state ψ,
〈γTψ 〉(t) :=
1
t
t∫
0
|〈ψ, e−isTψ〉|2 ds;
its lower and upper decaying exponents, respectively, are given by [3, 23]
lim inf
t→∞
ln〈γTψ 〉(t)
ln t
= −D+
µT
ψ
(2), lim sup
t→∞
ln〈γTψ 〉(t)
ln t
= −D−
µT
ψ
(2). (1)
In order to probe dynamical (de)localization associated with an initial state ψ with respect to
a general orthonormal basis B = {ηj} of H, one may quantify the “travel to large dimensions j”
by considering the time evolution of the (time-average) p-moments of ψ, p > 0, that is,
rψ,Tp,B(t) :=
(
1
t
t∫
0
∑
j
|n|p|〈ηj , e
−isTψ〉|2 ds
) 1
p
.
If one thinks of a polynomial growth rψ,Tp,B(t) ∼ t
β(p), then the lower and upper p-moment growth
exponents are then naturally introduced, respectively, by
β−ψ,T (p,B) := lim inft→∞
ln rψ,Tp,B(t)
ln t
, β+ψ,T (p,B) := lim sup
t→∞
ln rψ,Tp,B(t)
ln t
.
The following inequality, due to Barbaroux, Germinet and Tcheremchantsev [5], independently
obtained by Guarneri and Schultz-Baldes [22],
β∓ψ (p,B) ≥ D
∓
µTψ
(
1
1 + p
)
, (2)
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holds for all orthonormal bases and all p > 0. Such notions are particularly interesting when T is
a Schro¨dinger operator acting in ℓ2(Zν), ν ∈ N, {ηj} is a basis of ℓ2(Zν) and ψ = f(T )η0, with
f ∈ C∞0 (R), so displaying some locality condition [14, 20].
The corresponding dynamical consequences of Theorem 1.2 come from (1) and (2); namely, the
typical dynamical situation is characterized by the fact that the decay rates of the quantum return
probability assume their extreme values, and by occurrence of weak dynamical delocalization: for a
typical T ∈ X , for every ψ ∈ M and for all p > 0, β+ψ (p,B) ≥ 1 and so,
rψ,Tp,B(tj) ∼ t
β+
ψ
(p,B)
j
for a sequence of instants of time tj →∞. The term weak is due to the possibility of β
−
ψ (p,B) = 0,
for all p > 0.
Remark 1.6. We note that a natural strategy to prove Theorem 1.2 consists in showing that there
exist a dense subset of T ∈ X such that µTψ is 1-Ho¨lder continuous (since in this case, D
−
µT
ψ
(q) = 1
for all q > 0), and a dense subset of operators in X with dynamical localization, that is, satisfying
for each ψ ∈ H and each p > 0, lim sup
t→∞
rψ,Tp,B(t) < +∞ (since in this case, by (2), D
+
µT
ψ
(q) = 0 for all
q > 0). However, it is well known that there are particular families of Schro¨dinger operators with
absolutely continuous spectrum, and ψ ∈ ℓ2(Zν) satisfying some locality condition (for instance,
ψ ∈ ℓ1(Zν)) such that µTψ is at most 1/2-Ho¨lder continuous (see [2, 13] for additional comments). On
the other hand, in order to show dynamical localization (for instance, for Schro¨dinger operators),
the usual techniques involve the notion known as SULE [16, 17, 26], which also implies spectral
localization [17] (we note that localization also depends on some locality condition on ψ [14, 20]).
Thus, although natural, this strategy does not seem to be suitable for the rather general setting of
this work.
Remark 1.7. It is worth underlying that by combining some results of [7, 8], one gets Theorem 1.2
for the particular space of one-dimensional Jacobi matrices (with a necessarily nontrivial restriction
of the spectrum to obtain 1-Ho¨lder continuity) endowed with the topology of pointwise convergence.
However, the strategy followed in [7, 8] does not seem to be adequate to prove this theorem in such
generality.
2 Dimensions of measures: a short account
2.1 Hausdorff dimension
Definition 2.1. Let µ be a finite nonnegative Borel measure on R. The pointwise lower scaling
exponent of µ at x ∈ R is defined as
d−µ (x) := lim inf
ǫ↓0
lnµ(B(x, ǫ))
ln ǫ
if, for all ǫ > 0, µ(B(x; ǫ)) > 0; otherwise, one sets d−µ (x) :=∞.
Definition 2.2. The upper Hausdorff dimension of µ is defined as
dim+H(µ) := µ- ess. supd
−
µ .
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The next result presents a dimensional property of measures that are absolutely continuous
with respect to the Lebesgue measure (see [18, 21] for details).
Proposition 2.1. Let µ be a nonnegative Borel measure on R which is absolutely continuous with
respect to the Lebesgue measure. Then, µ-ess. inf d−µ = 1.
2.2 Generalized dimensions
The study of fractal dimensions of spectral measures in the context of quantum mechanics
appeared as an attempt to answer the following question: “What determines the spreading of a
wave packet?” For a broader discussion, we highlight the works [5, 11, 19, 21, 22, 24].
Definition 2.3. Let µ be a finite positive Borel measure on R. The lower and upper q-generalized
fractal dimensions, q > 0, q 6= 1, of µ are defined, respectively, as
D−µ (q) := lim inf
ǫ↓0
ln
[ ∫
µ(B(x, ǫ))q−1dµ(x)
]
(q − 1) ln ǫ
and D+µ (q) := lim sup
ǫ↓0
ln
[ ∫
µ(B(x, ǫ))q−1dµ(x)
]
(q − 1) ln ǫ
,
with the integrals taken over the support of µ. The lower and upper 1-generalized fractal dimensions
of µ are defined, respectively, as
D−µ (1) := lim inf
ǫ↓0
ln
[ ∫
lnµ(B(x, ǫ))dµ(x)
]
(q − 1) ln ǫ
and D+µ (1) := lim sup
ǫ↓0
ln
[ ∫
lnµ(B(x, ǫ))dµ(x)
]
(q − 1) ln ǫ
;
again, the integrals are taken over the support of µ.
Other important quantities related to the q-generalized fractal dimensions, q > 0, q 6= 1, are
the so-called mean q-dimensions.
Definition 2.4. Let µ be a finite positive Borel measure on R and q > 0. The lower and upper
mean q-dimensions of µ are defined, respectively, as
m−µ (q) := lim inf
ǫ↓0
ln[ǫ−1
∫
µ(B(x, ǫ))q dx]
(q − 1) ln ǫ
and m+µ (q) := lim sup
ǫ↓0
ln[ǫ−1
∫
µ(B(x, ǫ))q dx]
(q − 1) ln ǫ
.
Proposition 2.2 (Theorem 2.1. and Propositions 3.1 and 3.3 in [4]). Let µ be as before. Then,
1. For every q > 0, q 6= 1, D∓µ (q) = m
∓
µ (q).
2. D−µ (q) and D
+
µ (q) are nonincreasing functions of q > 0.
3. If µ has bounded support, then for all q > 0, 0 ≤ D−µ (q) ≤ D
+
µ (q) ≤ 1.
The next results play a fundamental role in the proof of Theorem 1.2.
Proposition 2.3 (Proposition 3.1 in [1]). Let T be a bounded self-adjoint operator on H and q > 0,
q 6= 1. Then, for every Γ ≥ 0,
1. {ψ ∈ H | D−
µT
ψ
(q) ≤ Γ} is a Gδ set in H,
2. {ψ ∈ H | D+
µT
ψ
(q) ≥ Γ} is a Gδ set in H.
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Proposition 2.4. Let (X, d) be a regular space of bounded self-adjoint operators and let q > 0,
q 6= 1. Then, for every 0 6= ψ ∈ H and every Γ ≥ 0,
1. {T | D−
µT
ψ
(q) ≤ Γ} is a Gδ set in X,
2. {T | D+
µT
ψ
(q) ≥ Γ} is a Gδ set in X.
Since the proof of Proposition 2.4 is based on the same arguments of the proof of Proposition 2.3
(presented in details in [1]), it will be omitted.
3 Proofs
3.1 Proof of Theorem 1.1
1. Case 1. T has an eigenvalue. Then, there exist λ ∈ R and 0 6= η ∈ H such that Tη = λη. Set,
for each ψ ∈ H and each k ∈ N, ψk := ψ +
1
kη and note that limk→∞
‖ψk − ψ‖ = 0; for each k ≥ 1,
PTp ψk 6= 0, where P
T
p is the orthogonal projection onto the pure point subspace of T . Therefore,
since {ψ ∈ H | ‖PTp ψ‖ > 0} is open and dense, the result follows from the set inclusions
{ψ ∈ H | D−
µT
ψ
(s) ≤ β} ⊃ {ψ ∈ H | D−
µT
ψ
(s) = 0} ⊃ {ψ ∈ H | ‖Ppψ‖ > 0}.
Namely, if ξ := PTp ψ 6= 0, then µ
T
ξ has an atom, i.e, there exists ζ ∈ R such that µ
T
ξ ({ζ}) > 0,
and so, for each s > 1,
D+
µT
ξ
(s) = lim sup
ǫ→0
ln
[∫
µTξ (B(x, ǫ))
s−1dµTξ (x)
]
(s− 1) ln ǫ
≤ lim sup
ǫ→0
ln
[
µTξ ({ζ})
s
]
(s− 1) ln ǫ
= 0. (3)
Case 2. The spectrum of T is purely continuous. Firstly, let us build a sequence of decreasing
compact sets (Ak) so that, for each k ≥ 1, D
−
µk
(s) ≤ β, where, for every Borel set Λ ⊂ R,
µk(Λ) := µTϕ(Λ ∩Ak).
Let r > 0 be such that supp(µTϕ) ⊂ [−r, r]; set I1 := [−r, 0] and I2 := [0, r]. Since D
−
µTϕ
(s) ≤ β,
one has, for every σ > 0,
∞ = lim sup
ǫ→0
ǫ(σ+β)(1−s)
r∫
−r
µTϕ(B(x, ǫ))
s−1dµTϕ(x)
≤
2∑
j=1
lim sup
ǫ→0
ǫ(σ+β)(1−s)
∫
Ij
µTϕ(B(x, ǫ))
s−1dµTϕ(x),
and so, there exists j1 ∈ {1, 2} such that
lim sup
ǫ→0
ǫ(σ+β)(1−s)
∫
Ij1
µTϕ(B(x, ǫ))
s−1dµTϕ(x) =∞.
Now, write Ij1 = [a1, b1] and define A1 := L1 ∪ Ij1 ∪ L
′
1, where L1 = [−|Ij1 |/4 + a1, a1] and
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L′1 = [b1, b1 + |Ij1 |/4]. Set µ
1(·) := µTϕ(· ∩ A1). Then, for every 0 < ǫ < |Ij1 |/4,∫
A1
µ1(B(x, ǫ))s−1dµ1(x) =
∫
A1
µTϕ(A1 ∩B(x, ǫ))
s−1dµTϕ(x)
≥
∫
Ij1
µTϕ(A1 ∩B(x, ǫ))
s−1dµTϕ(x)
=
∫
Ij1
µTϕ(B(x, ǫ))
s−1dµTϕ(x).
Thus, for every σ > 0,
lim sup
ǫ→0
ǫ(σ+β)(1−s)
∫
A1
µ1(B(x, ǫ))s−1dµ1(x) =∞,
and so,D−µ1(s) ≤ β. Using the same reasoning as before, there is a closed interval [a2, b2] =: Ij2 ⊂ A1
such that |Ij2 | =
1
2 |A1| and
lim sup
ǫ→0
ǫ(σ+β)(1−s)
∫
Ij2
µTϕ(B(x, ǫ))
s−1dµTϕ(x) =∞
(Ij2 is “one half” of A1). Then, define A2 := L2 ∪ Ij2 ∪ L
′
2, where L2 = [−|Ij2 |/4 + a2, a2] and
L′2 = [b2, b2 + |Ij2 |/4]. Again, it follows that D
−
µ2(s) ≤ β, where µ
2(·) := µTϕ(· ∩A2); note that
|A2| =
1
2
|Ij2 |+ |Ij2 | =
3
2
|Ij2 | =
3
4
|A1| =
3
4
3r
2
.
Proceeding in this way, one builds a decreasing sequence of closed intervals Ak+1 ⊂ Ak such
that |Ak| → 0 as k → ∞ (namely, |Ak| = (3/4)k−1(3r/2)) and, for every k ≥ 1, D
−
µk
(s) ≤ β, with
µk(·) := µTϕ(· ∩ Ak). Since each set Ak is a compact interval, there exists Γ ∈ [−r, r] such that
Ak ↓ {Γ}.
Finally, for every ψ ∈ H and every k ≥ 1, set ψk := PT (R\Ak)ψ +
1
kϕ. Since T has purely
continuous spectrum, lim
k→∞
‖ψk−ψ‖ = 0. Now, one has, for every k ≥ 1, every 0 < ǫ < 1 and every
x ∈ R,
µTψk(B(x, ǫ)) ≥ µ
T
ψk(B(x, ǫ) ∩ Ak)
≥
2
k
Re〈PT (B(x, ǫ) ∩ Ak)P
T (R\Ak)ψ, ϕ〉+
1
k2
µTϕ(B(x, ǫ) ∩ Ak)
=
1
k2
µTϕ(B(x, ǫ) ∩ Ak) =
1
k2
µk(B(x, ǫ)),
from which follows that
ln
[
1
ǫ
∫
µTψk(B(x, ǫ))
sdx
]
(s− 1) ln ǫ
≤
ln
[
1
k2s
1
ǫ
∫
µk(B(x, ǫ))sdx
]
(s− 1) ln ǫ
;
thus, for every k ≥ 1, by Proposition 2.2 1., D−ψk(s) ≤ D
−
µk
(s) ≤ β. Since ψ is arbitrary, {ξ ∈ H |
D−
µT
ξ
(s) ≤ β} is dense in H and so, by Proposition 2.3, it is a dense Gδ set in H.
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2. Since the case α = 0 is trivial we let α > 0. Again, let r > 0 be such that supp(µTϕ) ⊂ [−r, r];
set I1 := [−r, 0] and I2 := [0, r]. Since D
+
µTϕ
(q) ≥ α, it follows that, for every 0 < σ < α,
∞ = lim sup
ǫ→0
ǫ(α−σ)(1−q)
r∫
−r
µTϕ(B(x, ǫ))
q−1dµTϕ(x)
≤
2∑
j=1
lim sup
ǫ→0
ǫ(α−σ)(1−q)
∫
Ij
µTϕ(B(x, ǫ))
q−1dµTϕ(x).
Thus, for some j1 ∈ {1, 2},
lim sup
ǫ→0
ǫ(α−σ)(1−q)
∫
Ij1
µTϕ(B(x, ǫ))
q−1dµTϕ(x) =∞.
Let B1 := Ij1 and set λ
1(·) := µTϕ(· ∩B1). Then, for every ǫ > 0,∫
B1
λ1(B(x, ǫ))q−1dλ1(x) =
∫
B1
λ1(B(x, ǫ))q−1dµTϕ(x)
=
∫
B1
µTϕ(B1 ∩B(x, ǫ))
q−1dµTϕ(x)
≥
∫
B1
µTϕ(B(x, ǫ))
q−1dµTϕ(x),
where we have used in the last inequality the fact that 0 < q < 1. Thus, for every 0 < σ < α,
lim sup
ǫ→0
ǫ(α−σ)(1−q)
∫
B1
λ1(B(x, ǫ))q−1dλ1(x) =∞
and so, D+λ1(q) ≥ α. Proceeding in this way, we build a decreasing sequence of closed intervals
Bk+1 ⊂ Bk so that |Bk| → 0 as k →∞ and, for each k ≥ 1, D
+
λk
(q) ≥ α, where λk(·) := µTϕ(·∩Bk).
Since each set Bk is a compact interval, there exists a Γ ∈ [−r, r] such that Bk ↓ {Γ}.
Now set, for every k ≥ 1, Ak := Bk \ {Γ}, and note that Ak ↓ ∅. Moreover, using the same
reasoning as before, it follows that for every k ≥ 1, D+
µk
(q) ≥ α, where µk(·) := µTϕ(·∩Ak). Namely,
given that 0 < q < 1, one has for every k ≥ 1 and every ǫ > 0,
ǫ(α−σ)(1−q)
∫
Ak
µk(B(x, ǫ))q−1dµk(x) = ǫ(α−σ)(1−q)
∫
Ak
µk(B(x, ǫ))q−1dλk(x)
≥ ǫ(α−σ)(1−q)
∫
Ak
λk(B(x, ǫ))q−1dλk(x)
= ǫ(α−σ)(1−q)
∫
Bk
λk(B(x, ǫ))q−1dλk(x)
− ǫ(α−σ)(1−q)λk(B(Γ, ǫ))q−1λk({Γ}).
We also have that
lim
ǫ→0
ǫ(α−σ)(1−q)λk(B(Γ, ǫ))q−1λk({Γ}) ≤ lim
ǫ→0
ǫ(α−σ)(1−q)λk({Γ})q = 0
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if Γ is an atom, and that
ǫ(α−σ)(1−q)λk(B(Γ, ǫ))q−1λk({Γ}) = 0,
otherwise. Hence,
lim sup
ǫ→0
ǫ(α−σ)(1−q)
∫
Ak
µk(B(x, ǫ))q−1dµk(x) =∞.
Finally, for every ψ ∈ H and every k ≥ 1, define ψk := PT (R\Ak)ψ +
1
kϕ, and note that
lim
k→∞
‖ψk − ψ‖ = 0. Now, one has, for every k ≥ 1, every 0 < ǫ < 1 and every x ∈ R,
µTψk(B(x, ǫ)) ≥ µ
T
ψk(B(x, ǫ) ∩ Ak) ≥
1
k2
µTϕ(B(x, ǫ) ∩ Ak) =
1
k2
µk(B(x, ǫ)),
from which follows that
ln
[
1
ǫ
∫
µTψk(B(x, ǫ))
qdx
]
(q − 1) ln ǫ
≥
ln
[
1
k2q
1
ǫ
∫
µk(B(x, ǫ))qdx
]
(q − 1) ln ǫ
;
thus, for every k ≥ 1, by Proposition 2.2 1., D+ψk(q) ≥ D
+
µk
(q) ≥ α. Since ψ is arbitrary, {ξ ∈ H |
D+
µT
ξ
(q) ≥ α} is dense in H and so, by Proposition 2.3, it is a dense Gδ set in H.
3.2 Proof of Theorem 1.2
We need the following claims.
Claim I: Let T be a bounded self-adjoint operator in H. If T has purely absolutely continuous
spectrum, then
N+(T ) := {ψ | D+
µT
ψ
(q) = 1, for all q > 0, q 6= 1}
is a dense Gδ set in H.
Claim II: Let T be a bounded self-adjoint operator in H. If T has pure point spectrum, then
N−(T ) := {ψ | D−
µT
ψ
(q) = 0, for all q > 0, q 6= 1}
is a dense Gδ set in H.
Since (X, d) is a separable space, Cac ⊂ X (with the induced topology) is also separable.
Let {Tj} be a dense sequence in Cac (being, therefore, dense in X , since Cac is dense in X by
hypothesis). By Claim I,
N+ :=
⋂
j
N+(Tj)
is a dense Gδ set in H. Then, by Proposition 2.4, for every ψ ∈ N+,
X+(ψ) := {T | D+
µT
ψ
(q) = 1, for all q > 0, q 6= 1} ⊃ ∪j{Tj}
is a dense Gδ set in X .
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Similarly, since Cp ⊂ X is a separable space, let {Sj} be a dense sequence in Cp. By Claim II,
N− :=
⋂
j
N−(Sj)
is a dense Gδ set in H. Then, it follows again by Proposition 2.4 that, for every ψ ∈ N−,
{T | D−
µT
ψ
(q) = 0, for all q > 0, q 6= 1} ⊃ ∪j{Sj}
is a dense Gδ set in X .
Combining the previous results, it follows that for every ψ ∈ M := N+ ∩ N−,
{T | D−
µT
ψ
(q) = 0 and D+
µT
ψ
(q) = 1 for all q > 0, q 6= 1}
is a dense Gδ set in X . Hence, as the functions q 7→ D∓µ (q) are nonincreasing, follows that, for each
ψ ∈ M, the set X01(ψ) = {T ∈ X | D
−
µT
ψ
(q) = 0 and D+
µT
ψ
(q) = 1, for all q > 0} is residual in X .
Now, it remains to prove the claims.
Proof of Claim I: Let 0 6= ψ ∈ H. It follows from Proposition 2.1 that for µTψ-a.e. x, d
−
µT
ψ
(x) = 1.
So, there exists Ω ⊂ R such that µTψ(Ω) = ‖ψ‖
2 and such that, for every x ∈ Ω, d−
µT
ψ
(x) = 1. Now
let, for every ǫ > 0, fǫ : Ω −→ R be the measurable function given by the law
fǫ(x) := inf
ǫ>r
lnµTψ(B(x, r))
ln r
.
The sequence (fǫ(x)) converges pointwise to d
−
µT
ψ
(x); so, by Egoroff’s Theorem, there exist Borel
sets Sk ↑ Ω such that, for every k ≥ 1, µTψ(S
c
k) < 1/k and such that lim
ǫ↓0
fǫ(x) = d
−
µT
ψ
(x) uniformly
on Sk. But then, given 0 < σ < 1, there exists 0 < ǫσ,k < 1 such that, for every 0 < ǫ < ǫσ,k and
for every x ∈ Sk,
µTψ(B(x, ǫ)) ≤ ǫ
1−σ.
Now, set ψk := P
T (Sk)ψ and note that:
lim
k→∞
‖ψk − ψ‖
2 = lim
k→∞
‖PT (Sck)ψ‖
2 ≤ lim
k→∞
1/k = 0;
for every k ≥ 1, every q > 1 and every 0 < ǫ < 1,
ln
∫
µTψk(B(x, ǫ))
q−1dµTψk(x)
(q − 1) ln ǫ
≥
2 ln ‖ψk‖
(q − 1) ln ǫ
+ (1− σ),
from which follows that D∓
µT
ψk
(q) = 1, since 0 < σ ≤ 1 is arbitrary. Hence, by Proposition 2.3,
N+(T ) = {ψ | D+
µT
ψ
(q) = 1 for all q > 1, q ∈ N},
is a dense Gδ set in H (note that the above equality holds because r 7→ D+µ (r) is a nonincreasing
function).
Proof of Claim II: We note that this claim has been proven in Theorem 3.1. in [1]. For the
convenience of the reader, we present its proof in details. Let (ηj) be an orthonormal family of
eigenvectors of T , that is, Tηj = λjηj for every j ≥ 1. Let, for every 0 < q < 1, (bj) ⊂ C be a
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sequence such that |bj | > 0, for all j ≥ 1, and
∑∞
j=1 |bj |
2q <∞. Given ψ ∈ H, write ψ =
∑∞
j=1 ajηj ,
and then consider, for each k ≥ 1,
ψk :=
k∑
j=1
ajηj +
∞∑
j=k+1
bjηj .
It is clear that ψk → ψ. Moreover, for k ≥ 1 and each ǫ > 0,∫
µTψk(B(x, ǫ))
q−1dµTψk(x) =
∞∑
j=1
µTψk(B(λj , ǫ))
q−1µTψk({λj})
≤
∞∑
j=1
µTψk({λj})
q =
k∑
j=1
|aj |
2q +
∞∑
j=k+1
|bj|
2q,
from which follows that D∓
µT
ψk
(q) = 0. Hence, for every 0 < q < 1, {ψ | D−
µT
ψ
(q) = 0} is a dense set
in H; so, by Proposition 2.3,
N−(T ) = {ψ | D−
µT
ψ
(q) = 0 for all 0 < q < 1; q ∈ Q}
is a dense Gδ set in H (again, the above equality holds because r 7→ D−µ (r) is a nonincreasing
function).
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